Convolutional Neural Network

3. Error backpropagation and
learning procedures
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Downsampled convolution
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Tiled convolution
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Matn for ConviNets

Bias term

* In locally connected layers, one bias per output
unit,

* In tiled convoultion layers, shared bias same the
tilling pattern,

* In convolutional layres, one bias per channel of
output, shared across all locations,

* Fot fixed sized input, however, learn a separate
bias for each location.
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Data formats

Single channel

Multichannel

1-D

Audio waveform: The axis we
convolve over corresponds to
We discretize time and
measure the amplitude of the
waveform once per time step.

time.

Skeleton animation data: Anima-
tions of 3-D computer-rendered
characters are generated by alter-
ing the pose of a “skeleton” over
time. At each point in time, the
pose of the character is described
by a specification of the angles of
each of the joints in the charac-
ter’s skeleton. Each channel in
the data we feed to the convolu-
tional model represents the angle
about one axis of one joint.
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Data formats

2-D

Audio data that has been prepro-
cessed with a Fourier transform:
We can transform the audio wave-
form into a 2-D tensor with dif-
ferent rows corresponding to dit-
ferent frequencies and different
columns corresponding to differ-
ent points in time. Using convolu-
tion in the time makes the model
equivariant to shifts in time. Us-
ing convolution across the fre-
quency axis makes the model
equivariant to frequency, so that
the same melody played in a dif-
ferent octave produces the same
representation but at a different

height in the network’s output.

Color image data: One channel
contains the red pixels, one the
green pixels, and one the blue
pixels. The convolution kernel
moves over both the horizontal
and the vertical axes of the im-
age, conferring translation equiv-

ariance in both directions.
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Data formats

3-D | Volumetric data: A common | Color video data: One axis corre-
source of this kind of data is med- | sponds to time, one to the height
ical imaging technology, such as | of the video frame, and one to
CT scans. the width of the video frame.




Computational Graphs
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Repeated Subexpressions
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Symbol-to-Symbol
Differentiation
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Computation Graphs
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Forward - Backward computations

Algorithm 6.1 A procedure that performs the computations mapping n; inputs
uM) to 1 (™) to an output w™ . This defines a computational graph where each node
computes numerical value u(*) by applying a function f () to the set of arguments
A that comprises the values of previous nodes (7). j < i, with j € Pa( u”)). The
input to the computational graph is the vector x, and is set into the first n; nodes
uM) to u (™). The output of the computational graph is read off the last (output)

node v,
for:=1,...,n; do
end for
fori=n; +1,...,ndo

AW — (0 | e Pa(uP)}
u® f('i) (A('&'))

end for

return u(™




Algorithm 6.2 Simplified version of the back-propagation algorithm for computing
the derivatives of u(™ with respect to the variables in the graph. This example is
intended to further understanding by showing a simplified case where all variables
are scalars, and we wish to compute the derivatives with respect to u(l), e u(m).
This simplified version computes the derivatives of all nodes in the graph. The
computational cost of this algorithm is proportional to the number of edges in
the graph, assuming that the partial derivative associated with each edge requires
a constant time. This is of the same order as the number of computations for
the forward propagation. Each 8“‘(3) is a function of the parents u(9) of v(®), thus

linking the nodes of the forward graph to those added for the back—propagatlon
graph.

Run forward propagation (algorithm 6.1 for this example) to obtain the activa-
tions of the network.

Initialize grad_table, a data structure that will store the derivatives that have

been computed. The entry grad_table[u(i)] will store the computed value of
Ou(m)
83(1') .
grad table[u(™] + 1
for ) =n—1down to 1 do

The next line computes % > e Pa(u®) %z((n)) gz((}))( )usmg stored values:

' 0

grad table[ul)] Ei:jepa(u(i)) grad table[ul’ )]a—zm
end for
return {grad table[u]|i=1,...,n;}




Fully connected MLP; revisited

Algorithm 6.3 Forward propagation through a typical deep neural network and
the computation of the cost function. The loss L(y,y) depends on the output
y and on the target y (see section 6.2.1.1 for examples of loss functions). To
obtain the total cost J, the loss may be added to a regularizer Q(6), where 6
contains all the parameters (weights and biases). Algorithm 6.4 shows how to
compute gradients of .J with respect to parameters W and b. For simplicity, this
demonstration uses only a single input example x. Practical applications should
use a minibatch. See section 6.5.7 for a more realistic demonstration.
Require: Network depth, [
Require: W ; ¢ {1,...,1}, the weight matrices of the model
Require: b i e {1,...,1}, the bias parameters of the model
Require: x, the input to process
Require: y, the target output

hO) = g

for k=1,...,ldo

aF) = ph) L wkp(k-1)
hk) — f(a(’f))

end for

g = h("

J = L(yg,y) + A\Q(0)




Algorithm 6.4 Backward computation for the deep neural network of algo-
rithm 6.3, which uses, in addition to the input @, a target y. This computation
yields the gradients on the activations a®) for each layer k, starting from the
output layer and going backwards to the first hidden layer. From these gradients,
which can be interpreted as an indication of how each layer’s output should change
to reduce error, one can obtain the gradient on the parameters of each layer. The
gradients on weights and biases can be immediately used as part of a stochas-
tic gradient update (performing the update right after the gradients have been
computed) or used with other gradient-based optimization methods.

After the forward computation, compute the gradient on the output layer:
g« VygJ =VyL(Y,y)
for k=10,l—1,....,1do
Convert the gradient on the layer’s output into a gradient into the pre-
nonlinearity activation (element-wise multiplication if f is element-wise):
gV, =g ®f’(a(k"))
Compute gradients on weights and biases (including the regularization term,
where needed):

Vimd =g+ AV g Q(0)
Vi =g hF DT 1AV 0Q(6)
Propagate the gradients w.r.t. the next lower-level hidden layer’s activations:
g+ V- =WHTg
end for




General error backpropagation

We assume that each variable V is associated with the following subroutines:

e get operation(V): This returns the operation that computes V, repre-
sented by the edges coming into V in the computational graph. For example,
there may be a Python or C++ class representing the matrix multiplication
operation, and the get_operation function. Suppose we have a variable that
is created by matrix multiplication, C = AB. Then get operation(V)
returns a pointer to an instance of the corresponding C-++ class.

e get consumers(V,G): This returns the list of variables that are children of
V in the computational graph G.

e get inputs(V,G): This returns the list of variables that are parents of V
in the computational graph G.



General error backpropagation

op.bprop(inputs,X,G) = )  (Vxop.f(inputs);) G;

1



General error backpropagation

Algorithm 6.5 The outermost skeleton of the back-propagation algorithm. This
portion does simple setup and cleanup work. Most of the important work happens
in the build_grad subroutine of algorithm 6.6

Require: T, the target set of variables whose gradients must be computed.
Require: G, the computational graph
Require: z, the variable to be differentiated

Let G’ be G pruned to contain only nodes that are ancestors of z and descendents
of nodes in T.

Initialize grad_table, a data structure associating tensors to their gradients
grad table[z] < 1
for Vin T do
build grad(V,G,G',grad table)
end for
Return grad_table restricted to T




Algorithm 6.6 The inner loop subroutine build grad(V,G,G’,grad table) of

the back-propagation algorithm, called by the back-propagation algorithm defined
in algorithm 6.5.

Require: V, the variable whose gradient should be added to G and grad_table
Require: G, the graph to modify
Require: ¢, the restriction of G to nodes that participate in the gradient
Require: grad_table, a data structure mapping nodes to their gradients
if V is in grad_table then
Return grad table|V]
end if
1< 1
for C in get consumers(V,G’) do
op < get operation(C)
D < build grad(C,G,G’,grad table)
G'") «+ op.bprop(get inputs(C,G’),V, D)
11+ 1
end for
G+ . GY
grad table[V] =G
Insert G and the operations creating it into G

Return G




ConvNet bprop requirements
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